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Abstract
We show how one can construct approximate conservation laws of approximate Euler-type equations via approximate Noether-
type symmetry operators associated with partial Lagrangians. The ideas of the procedure for a system of unperturbed partial
differential equations are extended to a system of perturbed or approximate partial differential equations. These approximate
Noether-type symmetry operators do not form a Lie algebra in general. The theory is applied to the perturbed linear and nonlinear
(1 + 1) wave equations and the Maxwellian tails equation. We have also obtained new approximate conservation laws for these
equations.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
For differential equations with a small parameter (perurbed/approximate equations), the relationship between the
approximate symmetries and conservation laws has been a subject of intensive investigation. In [1], approximate
conservation laws were introduced via the approximate Noether symmetries associated with a Lagrangian of the
perturbed equation. In [2], it was shown that the relationship between the approximate Lie–Ba¨cklund symmetries and
approximate conserved vectors can be utilized to construct approximate conservation laws for perturbed equations
which may not possess a Lagrangian. In [3], the authors studied how the approximate Lie–Ba¨cklund symmetries
and approximate conserved vectors can be utilized to construct approximate Lagrangians for perturbed equations.
Moreover, it was shown that by using the Lagrangian, approximate conservation laws can be constructed for the
equations. In [4], a basis of approximate conservation laws for perturbed partial differential equations was discussed.
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Recently, in [5], it has been shown that for a system of unperturbed partial differential equations which admit
partial Lagrangians, one can construct conservation laws via Noether-type symmetry operators.
In this paper, we extend these ideas to a given system of perturbed partial differential equations. We present new
ideas on how one can construct approximate conservation laws of perturbed equations via approximate operators
that are not necessarily approximate symmetry operators of the underlying system of equations. These approximate
Noether-type symmetry operators, which are associated with what we term the partial Lagrangians, aid via formulas
in the construction of approximate conservation laws of the underlying system of equations. We call these systems
approximate Euler–Lagrange-type equations with respect to partial Lagrangians.
The outline of the paper is as follows. In Section 2, we present the relevant theoretical considerations which are
extensions of the unperturbed or exact case. Then in Section 3, the results are applied to various examples of linear
and nonlinear (1 + 1) perturbed wave equations and the Maxwellian tails equation. We derive new approximate
conservation laws for these equations.
2. Approximate Noether-type symmetries of partial Lagrangians
Consider an r th-order system of perturbed partial differential equations of n independent variables x =
(x1, x2, . . . , xn) and m dependent variables u = (u1, u2, . . . , um) with  a small parameter
Eβ(x, u, u(1), . . . , u(r); ) = 0, β = 1, . . . ,m, (2.1)
where u(1), u(2), . . . , u(r) denote the collections of all first, second, . . . , r th-order partial derivatives, that is, uαi =
Di (uα), uαi j = D jDi (uα), . . . respectively, with the total differentiation operator with respect to x i given by
Di = ∂
∂x i
+ uαi
∂
∂uα
+ uαi j
∂
∂uαj
+ · · · , i = 1, . . . , n, (2.2)
where the summation convention is used whenever appropriate.
Definition 1 ([5,6]). The Euler–Lagrange operator, for each α, is defined by
δ
δuα
= ∂
∂uα
+
∑
s≥1
(−1)sDi1 . . . Dis
∂
∂uαi1i2...is
, α = 1, . . . ,m. (2.3)
Definition 2 ([1,2]). The kth-order approximate Lie–Ba¨cklund symmetry operator is defined as
X = X0 + X1 + · · · + kXk, (2.4)
where
X = ξ i ∂
∂x i
+ ηα ∂
∂uα
, ξ i , ηα ∈ A, (2.5)
here A is the space of differential functions and
ξ i = ξ i0 + ξ i1 + · · · + kξ ik , i = 1, . . . , n,
ηα = ηα0 + ηα1 + · · · + kηαk , α = 1, . . . ,m.
The operator (2.5) is an abbreviated form of the following infinite formal sum
X = ξ i ∂
∂x i
+ ηα ∂
∂uα
+
∑
s≥1
ζαi1i2...is
∂
∂uαi1i2...is
, (2.6)
where
Xb = ξ ib
∂
∂x i
+ ηαb
∂
∂uα
+ ζαb,i
∂
∂uαi
+ ζαb,i1i2
∂
∂uαi1i2
+ · · · , b = 0, . . . , k, (2.7)
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ξ ib, η
α
b ∈ A and the additional coefficients are
ζαb,i = Di (Wαb )+ ξ jb uαi j
ζαb,i1i2 = Di1 Di2(Wαb )+ ξ
j
b u
α
j i1i2 (2.8)
. . .
and Wαb is the Lie characteristic function defined by
Wαb = ηαb − ξ jb uαj . (2.9)
One can write the approximate Lie–Ba¨cklund symmetry operator (2.6) in the characteristic form
X = ξ iDi +Wα ∂
∂uα
+
∑
s≥1
Di1 . . . Dis (Wα)
∂
∂uαi1i2...is
, (2.10)
where W = (W1,W2, . . .Wm),Wβ ∈ A, is the characteristic of X and
W i = W i0 + W i1 + · · · + kW ik , i = 1, . . . ,m. (2.11)
Definition 3. The approximate Noether operator associated with an approximate Lie–Ba¨cklund symmetry operator
X is given by
N i = ξ i +Wα δ
δuαi
+
∑
s≥1
Di1 . . . Dis (Wα)
δ
δuαi i1i2...is
, i = 1, . . . , n, (2.12)
where
N i = N i0 + N i1 + · · · + kN ik, i = 1, . . . , n, (2.13)
here N ib, b = 0, . . . , k are Noether operators [6] and the Euler–Lagrange operators with respect to derivatives of uα
are obtained from (2.3) by replacing uα by the corresponding derivatives, that is,
δ
δuαi
= ∂
∂uαi
+
∑
s≥1
(−1)sD j1 . . . D js
∂
∂uαi j1 j2... js
, i = 1, . . . , n, α = 1, . . . ,m. (2.14)
The Euler–Lagrange , approximate Lie–Ba¨cklund and approximate Noether operators are connected by the operator
identity
X + Di (ξ i ) =Wα δ
δuα
+ DiN i . (2.15)
Definition 4 ([1,2]). The vector T = (T 1, T 2, . . . T n) defined by
T i = T i0 + T i1 + · · · kT ik (2.16)
is an approximate conserved vector of (2.1) if T i satisfies the approximate equation
DiT i |(2.1) = O(k+1). (2.17)
The Eq. (2.17) defines an approximate conservation law for (2.1).
Definition 5. The equation DiT i = QβEβ is referred to as the approximate characteristic form of the approximate
conservation law (2.17) and the function Q = (Q1,Q2, . . . ,Qm),Qβ ∈ A, the associated characteristic of the
approximate conservation law.
Suppose that the Eq. (2.1) are written as
Eβ = Eβ0 + Eβ1 , β = 1, . . .m. (2.18)
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Definition 6. If there exists a function L = L(x, u, u(1), . . . , u(l)) ∈ A, l ≤ r and nonzero functions f βγ ∈ A such
that (2.18) can be written as δL/δuβ =  f βγ Eγ1 , where f βγ = f βγ (x, u, u(1), . . . , u(r−1)), β, γ = 1, . . . ,m, is an
invertible matrix ([6]), then, provided Eγ1 6= 0, for some γ L is called a partial Lagrangian of (2.18); otherwise it is
the standard Lagrangian. We term differential equations of the form
δL
δuβ
=  f βγ Eγ1 (2.19)
approximate Euler–Lagrange-type equations.
Remark. In the sequel, we will be interested in finding approximate conservation laws for the system of perturbed
partial differential equations of the form (2.19). However, one can adjust  differently.
Definition 7. An approximate Lie–Ba¨cklund symmetry operator X of the form (2.6) is called an approximate
Noether-type symmetry operator corresponding to a partial Lagrangian L ∈ A if and only if there exists a vector
B = (B1,B2, . . . ,Bn), Bi ∈ A defined by
Bi = Bi0 + Bi1 + · · · + kBik (2.20)
such that
X (L)+ LDi (ξ i ) =Wβ δL
δuβ
+ Di (Bi )+ O(k+1), (2.21)
where W = (W1,W2, . . . ,Wm),Wβ ∈ A, is the characteristic of X as defined by (2.11).
Theorem 1. An approximate Lie–Ba¨cklund symmetry operator X of the form (2.10) is an approximate Noether-type
symmetry operator of a partial Lagrangian L corresponding to an approximate Euler–Lagrange-type system of the
form (2.19) if and only if the characteristicW = (W1,W2, . . . ,Wm),Wβ ∈ A, of X is also the characteristic of
the conservation law DiT i = O(k+1), where
T i = Bi − Lξ i −Wβ ∂L
∂uβi
+ · · · + O(k+1), i = 1, . . . , n, (2.22)
of the approximate Euler–Lagrange-type equation (2.19).
Remark. For i = 1, 2, the terms up to order epsilon are T i = T i0 + T i1 , where
T 1 = (B10 + B11 )− L(ξ10 + ξ11 )− [η0 + η1 − (ξ10 + ξ11 )ut − (ξ20 + ξ21 )ux ]
∂L
∂ut
T 2 = (B20 + B21 )− L(ξ20 + ξ21 )− [η0 + η1 − (ξ10 + ξ11 )ut − (ξ20 + ξ21 )ux ]
∂L
∂ux
(2.23)
and we consider the partial Lagrangian L to be a function of the independentand dependent variables, and the
derivatives of the dependent variables up to the first-order.
Proof. The proof of this theorem is along the lines of [5]. Using the identity (2.15) and act with it on L yields
X (L)+ Di (ξ i )L =Wβ δL
δuβ
+ Di (N i L)+ O(k+1). (2.24)
Replacing the left hand side by Wβ( f βγ Eγ1 )+ Di (Bi )+ O(k+1), it turns out that (details are left to the reader)
Di (Bi −N i L) =Wβ
(
δL
δuβ
−  f βγ Eγ1
)
+ O(k+1).
Setting T i := Bi − N i L + O(k+1), and as a consequence of (2.19) it is approximate conservation law of the
approximate system (2.19) with characteristic W . 
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3. Applications
The following examples are perturbations of the linear and nonlinear wave equations and of the Maxwellian tails
equation taking cognizance of first-order damping.
Example 1. First we consider the following perturbed linear (1+ 1) wave equation
ut t − uxx + ut = 0. (3.1)
The Eq. (3.1) has a partial Lagrangian, L = 1/2u2x − 1/2u2t . Thus the approximate Euler–Lagrange-type equation is,
δL/δu = ut t − uxx = −ut . The approximate Noether-type symmetry operators corresponding to the Lagrangian L
satisfy the Eq. (2.21); that is, for i = 1, 2, we have the equation
(X0 + X1)L + Di (ξ i0 + ξ i1)L = [(η0 − ξ j0 u j )+ (η1 − ξ j1 u j )](−ut )+ Di (Bi0 + Bi1),
hence, we obtain the following equations
X0L + Di (ξ i0)L = Di (Bi0), (3.2)
X1L + Di (ξ i1)L = (η0 − ξ j0 u j )(−ut )+ Di (Bi1), (3.3)
by separating by the zeroth and first-orders of  respectively. The determining equation (3.2) is
ζ0t (−ut )+ ζ0x (ux )+ (Dtξ10 + Dxξ20 )
(
1
2
u2x −
1
2
u2t
)
= Dt B10 + Dx B20 .
Expanding the above equation and equating the coefficients of the various monomials in the first-order partial
derivatives of u to zero yields the following determining equations:
ξ10u = 0, ξ20u = 0, (3.4)
ξ10x − ξ20t = 0, (3.5)
−η0u + 12ξ
1
0t −
1
2
ξ20x = 0, (3.6)
η0u + 12ξ
1
0t −
1
2
ξ20x = 0, (3.7)
−η0t = B10u, (3.8)
η0x = B20u, (3.9)
B10t + B20x = 0. (3.10)
Solving the Eqs. (3.4)–(3.10) results in ξ10 = c(t, x), ξ20 = d(t, x), η0 = b(t, x), B10 = −btu + e(t, x), B20 =
bxu + f (t, x), where cx = dt , ct = dx , bt t − bxx = 0 and et + fx = 0. We set e = f = 0. Hence, we obtain the
following Noether symmetries for the unperturbed equation as X10 = ∂t , X20 = ∂x , X30 = t∂t + x∂x .
(1.1) Let X10 = ∂t . Then ξ10 = 1, ξ20 = 0, η0 = 0. From the Eq. (3.3), we obtain
ζ1t (−ut )+ ζ1x (ux )+ (Dtξ11 + Dxξ21 )
(
1
2
u2x −
1
2
u2t
)
= u2t + Dt B11 + Dx B21 .
Expanding the above equation and equating the coefficients of the various monomials in the first-order partial
derivatives of u to zero yields the following determining equations:
ξ11u = 0, ξ21u = 0, (3.11)
ξ11x − ξ21t = 0, (3.12)
−η1u + 12ξ
1
1t −
1
2
ξ21x = 1, (3.13)
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η1u + 12ξ
1
1t −
1
2
ξ21x = 0, (3.14)
−η1t = B11u, (3.15)
η1x = B21u, (3.16)
B11t + B21x = 0. (3.17)
Solving the Eqs. (3.11)–(3.17) results in ξ11 = g(t, x), ξ21 = h(t, x), η1 = − u2 + a(t, x), B11 = −atu + i(t, x), B21 =
axu + j (t, x), where gx = ht , gt = 1 + hx , at t − axx = 0 and it + jx = 0. We set i = j = 0. Thus we obtain the
following approximate Noether-type symmetry operators for the Eq. (3.1):
X 1 = ∂t + 
(
∂t − x∂x − u2 ∂u
)
,
X 2 = ∂t + 
(
(1− x)∂x − u2 ∂u
)
.
The approximate conserved vector corresponding to the approximate Noether-type symmetry operator X 1 is obtained
using the Eq. (2.23) as
T1 =
(
−1
2
u2x −
1
2
u2t + 
(
−1
2
u2x −
1
2
u2t −
1
2
uut + xutux
)
,
utux + 
(
−1
2
xu2x −
1
2
xu2t +
1
2
uux + utux
))
.
So
DiT i1 |(3.1) =
(
ut (uxx − ut t )+ 
[
−u2t +
(
xux − ut − 12u
)
(ut t − uxx )
])∣∣∣∣
(3.1)
=
[
ut (uxx − ut t − ut )+ 
(
xux − ut − 12u
)
(ut t − uxx )
]∣∣∣∣
(3.1)
= −ut
(
xux − ut − 12u
)
2 = O(2).
The approximate conserved vector T2 corresponding to the approximate Noether-type symmetry operator X 2 is
obtained again using the Eq. (2.23) as
T2 =
(
−1
2
u2x −
1
2
u2t + 
(
−1
2
uut − utux + xutux
)
,
utux + 
(
−1
2
xu2x −
1
2
xu2t +
1
2
u2x +
1
2
u2t +
1
2
uux
))
,
such that
DiT i2 |(3.1) =
[
ut (uxx − ut t − ut )+ 
(
xux − ux − 12u
)
(ut t − uxx )
]∣∣∣∣
(3.1)
= −ut
(
xux − ux − 12u
)
2 = O(2).
Note: The multipliers are always of the form W; that is, DtT 1 + DxT 2 = W0(unperturbed eqt) +
W1(perturbed part of the eqt) and W0 and W1 are the characteristics of the generators X0 and X1 respectively. This
is in line with the ideas of Anco and Bluman [7].
(1.2) Now suppose X20 = ∂x . Then ξ10 = 0, ξ20 = 1, η0 = 0. The calculations follow as before and we obtain
the following approximate Noether-type symmetry operators for the Eq. (3.1), X 3 = ∂x +  (∂t + t∂x ) , X 4 =
∂x + (t + 1)∂x , X 5 = ∂x + (−x∂t + ∂x ). These operators give rise to the following approximate conserved vectors
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of (3.1)
T3 =
(
−utux + 
(
−1
2
u2x −
1
2
u2t − tutux
)
,
1
2
u2x +
1
2
u2t + 
(
1
2
tu2x +
1
2
tu2t + utux
))
,
T4 =
(
−utux − (t + 1)utux , 12u
2
x +
1
2
u2t + (t + 1)
(
1
2
u2x +
1
2
u2t
))
,
and
T5 =
(
−utux + 
(
1
2
xu2x +
1
2
xu2t − utux
)
,
1
2
u2x +
1
2
u2t + 
(
1
2
u2x +
1
2
u2t − xutux
))
,
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the Eq.
(3.1).
(1.3) Now if X30 = t∂t + x∂x . Then ξ10 = t, ξ20 = x, η0 = 0. The calculations follow the same as before
and we obtain the following approximate Noether-type symmetry operators for the Eq. (3.1), X 6 = t∂t + x∂x +

[
(x − x2)∂t + (t − t x)∂x − 12 tu∂u
]
,X 7 = t∂t + x∂x + 
[
−x2∂t + (1− t x)∂x − 12 tu∂u
]
, X 8 = t∂t + x∂x +

[
(t2 + t)∂t + (t x + x)∂x − 12 tu∂u
]
. These operators give rise to the following approximate conserved vectors of
(3.1):
T6 =
(
−1
2
t (u2t + u2x )− xutux + 
(
1
4
u2 − 1
2
(x − x2)u2x −
1
2
(x − x2)u2t −
1
2
tuut − (t − t x)utux
)
,
1
2
x(u2t + u2x )+ tutux + 
(
(t − t x)
(
1
2
u2x +
1
2
u2t
)
+ 1
2
tuux + (x − x2)utux
))
,
T7 =
(
−1
2
t (u2t + u2x )− xutux + 
(
1
4
u2 + 1
2
x2u2x +
1
2
x2u2t −
1
2
tuut − (1− t x)utux
)
,
1
2
x(u2t + u2x )+ tutux + 
(
(1− t x)
(
1
2
u2x +
1
2
u2t
)
+ 1
2
tuux − x2utux
))
and
T8 =
(
−1
2
t (u2t + u2x )− xutux + 
(
1
4
u2 − 1
2
(t2 + t)u2x −
1
2
(t2 + t)u2t −
1
2
tuut − (t x + x)utux
)
,
1
2
x(u2t + u2x )+ tutux + 
(
(t x + x)
(
1
2
u2x +
1
2
u2t
)
+ 1
2
tuux + (t2 + t)utux
))
respectively. It can be checked after some calculations that these approximate conserved vectors satisfy the equation
DiT i = O(2) on the solutions of the Eq. (3.1).
Example 2. Now we consider the following perturbed nonlinear (1+ 1) wave equation
ut t − uxuxx + ut = 0. (3.18)
The Eq. (3.18) has a partial Lagrangian, L = 1/2u2t −1/6u3x . Thus the approximate Euler–Lagrange-type equation is,
δL/δu = −ut t + uxuxx = ut . The approximate Noether-type symmetry operators corresponding to the Lagrangian
L satisfy the Eq. (2.21); that is, for i = 1, 2, we have the equation
(X0 + X1)L + Di (ξ i0 + ξ i1)L = [(η0 − ξ j0 u j )+ (η1 − ξ j1 u j )](ut )+ (Bi0 + Bi1),
hence, we obtain the following equations
X0L + Di (ξ i0)L = Di (Bi0), (3.19)
X1L + Di (ξ i1)L = (η0 − ξ j0 u j )(ut )+ Di (Bi1), (3.20)
by separating by the zeroth- and first-orders of  respectively. The calculations proceed as given in the Example 1.
The Eq. (3.19) gives the following Noether symmetry operators X10 = ∂t , X20 = ∂x , X30 = ∂u, X40 = t∂u, X50 =
7t∂t + 5x∂x + u∂u .
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(2.1) Let X10 = ∂t . The determining equations arising from (3.20) yield the following approximate
Noether-type symmetry operators for the Eq. (3.18), X 1 = ∂t + 
(
13
5 t∂t + x∂x − 15u∂u
)
,X 2 = ∂t +

(
6
5 t∂t + x∂x − 25u∂u
)
, X 3 = ∂t + 
(
( 65 t + 1)∂t − 25u∂u
)
. The approximate conserved vectors associated with
these operators are given as follows by invoking the Eq. (2.23):
T1 =
(
1
2
u2t +
1
6
u3x + 
(
13
5
t
(
1
6
u3x +
1
2
u2t
)
+ 1
5
utux + xutux
)
,
−1
2
utu
2
x + 
(
−1
3
xu3x −
1
2
xu2t −
1
10
uu2x −
13
10
tutu
2
x
))
,
T2 =
(
1
2
u2t +
1
6
u3x + 
(
6
5
t
(
1
6
u3x +
1
2
u2t
)
+ 1
5
utux + xutux
)
,
−1
2
utu
2
x + 
(
−1
3
xu3x −
1
2
xu2t −
1
5
uu2x −
3
5
tutu
2
x
))
,
and
T3 =
(
1
2
u2t +
1
6
u3x + 
((
6
5
t + 1
)(
1
6
u3x +
1
2
u2t
)
+ 2
5
uut
)
,
−1
2
utu
2
x + 
(
−1
5
uu2x −
(
3
5
t + 1
2
)
utu
2
x
))
,
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.18).
(2.2) Let X20 = ∂x . The determining equations arising from (3.20) yield the following approximate Noether-type
symmetry operators for the Eq. (3.18), X 4 = ∂x + 
(
7
5 t∂t + (t + x)∂x + 15u∂u
)
,X 5 = ∂x + (∂t + t∂x ), X 6 =
∂x + (t∂x + t∂u). The approximate conserved vectors associated with these operators are given as follows using the
Eq. (2.23):
T4 =
(
utux + 
(
7
5
t
(
1
6
u3x +
1
2
u2t
)
− 1
5
uut + (t + x)utux
)
,
−1
2
u2t −
1
3
u3x + 
(
−1
3
(t + x)u3x −
1
2
(t + x)u2t +
1
10
uu2x −
7
10
tutu
2
x
))
,
T5 =
(
utux + 
(
1
6
u3x +
1
2
u2t + tutux
)
,−1
2
u2t −
1
3
u3x + 
(
−1
3
tu3x −
1
2
tu2t −
1
2
tutu
2
x
))
,
and
T6 =
(
utux +  (u − tut + tutux ) ,−12u
2
t −
1
3
u3x + 
(
−1
3
tu3x −
1
2
tu2t +
1
2
tu2x
))
,
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.18).
(2.3) Let X30 = t∂u . The determining equations arising from (3.20) yield the following approximate Noether-type
symmetry operators for the Eq. (3.18), X 7 = t∂u+
(
7
5 t∂t + x∂x +
(
t2
2 + 15u
)
∂u
)
,X 8 = t∂u+(∂x+ t22 ∂u), X 9 =
t∂u + (∂t + t22 ∂u). The approximate conserved vectors associated with these operators are given as follows:
T7 =
(
−tut + u + 
(
7
5
t
(
1
6
u3x +
1
2
u2t
)
−
(
t2
2
+ 1
5
u
)
ut + xutux
)
,
+1
2
tu2x + 
(
−1
3
xu3x −
1
2
xu2t +
(
t2
4
+ 1
10
u
)
u2x −
7
10
tutu
2
x
))
,
T8 =
(
−tut + u + 
(
−1
2
t2ut + utux
)
,
1
2
tu2x + 
(
−1
3
u3x −
1
2
u2t +
1
4
t2u2x
))
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and
T9 =
(
−tut + u + 
(
1
6
u3x +
1
2
u2t −
1
2
t2ut
)
,
1
2
tu2x + 
(
1
4
t2u2x −
1
2
utu
2
x
))
,
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.18).
(2.4) Let X40 = ∂u . The determining equations arising from (3.20) yield the following approximate Noether-type
symmetry operators for the Eq. (3.18), X 10 = ∂u + ∂t ,X 11 = ∂u + ∂x , X 12 = ∂u + t∂u . The approximate
conserved vectors associated with these operators are given as follows:
T10 =
(
−ut + 
(
1
6
u3x +
1
2
u2t − u
)
,
1
2
u2x + 
(
−1
2
utu
2
x
))
,
T11 =
(
−ut + (−u + utux ), 12u
2
x + 
(
−1
3
u3x −
1
2
u2t
))
and
T12 =
(
−ut + (−tut ), 12u
2
x + 
(
1
2
tu2x
))
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.18).
(2.5) Let X50 = 7t∂t + 5x∂x + u∂u . The determining equations arising from (3.20) yield the
following approximate Noether-type symmetry operators for the Eq. (3.18): X 13 = 7t∂t + 5x∂x + u∂u +

(( 77
10 t
2 + 75 t
)
∂t + (5t + 1)x∂x +
(
1−9t
5
)
u∂u
)
, X 14 = 7t∂t + 5x∂x + u∂u + 
(
77
10 t
2∂t + 5t x∂x +
(
1− 9tu5
)
∂u
)
.
The approximate conserved vectors associated with these operators are given as follows:
T13 =
(
7t
(
1
6
u3x +
1
2
u2t
)
− uut + 5xutux + 
(
−7
5
u2 +
(
77
10
t2 + 7
5
t
)(
1
6
u3x +
1
2
u2t
)
−
(
1− 9t
5
)
uut + (5t + 1)xutux
)
, 5x
(
−1
2
u2t −
1
3
u3x
)
+ 1
2
uu2x −
7
2
tutu
2
x
+ 
(
(5t + 1)x
(
−1
3
u3x −
1
2
u2t
)
+
(
1− 9t
10
)
uu2x −
(
77
20
t2 + 7
10
t
)
utu
2
x
))
,
T14 =
(
7t
(
1
6
u3x +
1
2
u2t
)
− uut + 5xutux + 
(
−7
5
u2 + 77
10
t2
(
1
6
u3x +
1
2
u2t
)
−
(
1− 9tu
5
)
ut + 5t xutux
)
, 5x
(
−1
2
u2t −
1
3
u3x
)
+ 1
2
uu2x −
7
2
tutu
2
x
+ 
(
5t x
(
−1
3
u3x −
1
2
u2t
)
+ 1
2
u2x
(
1− 9tu
5
)
− 77
20
t2utu
2
x
))
.
The approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the Eq. (3.18).
Example 3. We consider the following perturbed nonlinear Maxwellian tails equation:
uxt + ux + u2 + ut = 0. (3.21)
The Eq. (3.21) has a partial Lagrangian, L = 1/2utux − 1/3u3. Thus the approximate Euler–Lagrange-type equation
is, δL/δu = −u2 − uxt = ux + ut . The approximate Noether-type symmetry operators corresponding to the
Lagrangian L satisfy the Eq. (2.21); that is, for i = 1, 2, we obtain the following equations
X0L + Di (ξ i0)L = (η0 − ξ j0 u j )(ux )+ Di (Bi0), (3.22)
X1L + Di (ξ i1)L = (η0 − ξ j0 u j )(ut )+ (η1 − ξ j1 u j )(ux )+ Di (Bi1), (3.23)
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by separating by the zeroth and first-orders of  respectively. The Eq. (3.22) gives the following Noether-type
symmetry operators: X10 = e2t∂x , X20 = e2t∂t + xe2t∂x − e2tu∂u, X30 = e3t∂t − e3tu∂u , (see [5] and the references
therein).
(3.1) Let X10 = e2t∂x . The determining equations arising from (3.23) yield the following approximate Noether-type
symmetry operators for the Eq. (3.21), X 1 = e2t∂x + [(e3t − 3e2t )∂t + (2e2t − e3t )u∂u], X 2 = e2t∂x + (−3e2t∂t +
e2t∂x + 2e2tu∂u). The approximate conserved vectors associated with these operators are given as follows using
Eq. (2.23) :
T1 =
(
1
2
e2tu2x + 
(
1
3
(e3t − 3e2t )u3 − 1
2
(2e2t − e3t )uux
)
,
1
3
e2tu3 + 
(
−1
4
e3tu2 − 1
2
(2e2t − e3t )uut + 12 (e
3t − 3e2t )u3t
))
and
T2 =
(
1
2
e2tu2x + 
(
e2t − u3 − uux + 12u
2
x
)
,
1
3
e2tu3 + 
(
1
3
e2tu3 − e2tuut − 32e
2tu2t
))
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.21).
(3.2) Now let X20 = e2t∂t + xe2t∂x − ue2t∂u . The determining equations arising from (3.23) yield the following
approximate Noether-type symmetry operators for the Eq. (3.21): X 3 = e2t∂t + xe2t∂x − ue2t∂u + [(e3t +
2xe2t )∂t + 52 x2e2t∂x +
(
1
2 e
2t − (e3t + 3xe2t )u
)
∂u], X 4 = e2t∂t + xe2t∂x −ue2t∂u+ [2xe2t∂t +
(
5
2 x
2 + 1
)
e2t∂x +(
1
2 e
2t − 3xe2tu
)
∂u]. The approximate conserved vectors associated with these operators are given as follows using
Eq. (2.23):
T3 =
(
e2t
(
1
3
u3 + 1
2
uux + 12 xu
2
x
)
+ 
(
−1
4
e2tu2 + 2
3
xe2tu3 + 1
3
e3tu3 − 1
4
e2tux
+ 1
2
e3tuux + 32 xe
2tuux + 54 x
2e2tu2x
)
, e2t
(
x
3
u3 + 1
2
uut + 12u
2
t
)
+ 
(
−1
4
e3tu2 + 5
6
x2e2tu3 + 1
2
e3tuut − 14e
2tut
1
2
e3tu2t +
3
2
xe2tuut + xe2tu2t
))
and
T4 =
(
e2t
(
1
3
u3 + 1
2
uux + 12 xu
2
x
)
+ 
(
−1
4
e2tu2 + 2
3
xe2tu3 − 1
4
e2tux
+ 1
2
e2tu2x +
3
2
xe2tuux + 54 x
2e2tu2x
)
, e2t
(
x
3
u3 + 1
2
uut + 12u
2
t
)
+ 
(
5
6
x2e2tu3 + 1
3
e2tu3 − 1
4
e2tut + 32 xe
2tuut + xe2tu2t
))
respectively. These approximate conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.21).
(3.3) Now let X30 = e3t∂t − ue3t∂u . The determining equations arising from (3.23) yield the following
approximate Noether-type symmetry operators for Eq. (3.21): X 5 = e3t∂t − ue3t∂u + [2xe3t∂t + e2t∂x +(
1
2 e
2t − 2xe3tu
)
∂u], X 6 = e3t∂t − ue3t∂u + [(e2t + 2xe3t )∂t + xe2t∂x +
(
1
2 e
3t − (e2t + 2xe3t )u
)
∂u]. The
approximate conserved vectors associated with these operators are given as follows:
T5 =
(
e3t
(
1
3
u3 + 1
2
uux
)
+ 
(
2
3
xe3tu3 − 1
4
e3tux + xe3tuux + 12e
2tu2x
)
,
e3t
(
−1
4
u2 + 1
2
uut + 12u
2
t
)
+ 
(
1
4
e3tu − 1
2
xe3tu2 + 1
3
e2tu3 − 1
4
e3tut + xe3tuut + xe3tu2t
))
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and
T6 =
(
e3t
(
1
3
u3 + 1
2
uux
)
+ 
(
1
3
e2tu3 + 2
3
xe3tu3 − 1
4
e3tux
1
2
e2tuux + 12 xe
2tu2x + xe3tuux
)
,
+e3t
(
−1
4
u2 + 1
2
uut + 12u
2
t
)
+ 
(
1
4
e3tu − 1
2
xe3tu2 + 1
3
xe2tu3
− 1
4
e3tut + xe3tuut + 12e
2tuut + 12e
2tu2t + xe3tu2t
))
respectively. These approximately conserved vectors satisfy the equation DiT i = O(2) on the solutions of the
Eq. (3.21).
4. Conclusion
We have shown how for a system of perturbed or approximate partial differential equations which admit partial
Lagrangians, one can construct approximate conservation laws via approximate Noether-type symmetry operators.
These approximate Noether-type symmetry operators are in general not approximate symmetries of the underlying
equations. Moreover, the approximate Noether-type symmetry operators do not form a Lie algebra in general. We have
applied our results to the perturbed linear and nonlinear (1 + 1) wave equations and the Maxwellian tails equation
and have also obtained new approximate conservation laws for these equations. As a final comment, the method is
a relatively new approach to the construction of conservation laws and, here, it is the first time that the approach is
applied to equations with perturbations where, indeed, the perturbations are of physical consequence, as in damping
or dispersion. The notion of numerical techniques in the construction of conservation laws is unknown to the authors
although the idea has been mooted around. Perhaps, it is due to the difficulty or a lack of complete understanding of
the role of conservation laws and the difficulty of finding these using ad hoc methods. Since our method is formula
based as in the classic variational case, we believe that there is scope for the development of numerical schemes in
this area.
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